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1. INTRODUCTION
This research is concerned with differential equations of the form
{ {Ž5. Ž4.x q a t f x , x x q b t f x , x q c t f xŽ . Ž . Ž . Ž . Ž . Ž .È È È1 2 3
qd t f x q e t f xŽ . Ž . Ž . Ž .Ç4 5
{ Ž4.s p t , x , x , x , x , x , 1.1Ž . Ž .Ç È
in which a, . . . , e, f , . . . , f , and p are continuous functions of the argu-1 5
Ž .ments shown in 1.1 . The functions a, . . . , e are positive and differentiable
› X Xq w . Ž . Ž . Ž .in R s 0, ‘ and the derivatives f z, w , f y , and f x exist and are2 4 5› z
continuous for all x, y, z, and w.
w xChukwu 3 discussed the boundedness and stability of solutions of the
differential equation
{ {Ž5. Ž4. Ž4.x q ax q f x q cx q f x q f x s p t , x , x , x , x , x .Ž . Ž . Ž . Ž .È Ç Ç È2 4 5
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w xIn 1 , sufficient conditions for the uniform global asymptotic stability of
the zero solution of the differential equation
{ {Ž5. Ž4.x q f x x q f x q f x q f x q f x s 0Ž . Ž . Ž . Ž . Ž .È Ç1 2 3 4 5
w xwere investigated. In 2 , the ultimate boundedness of solutions of the
differential equation
{ { {Ž5. Ž4. Ž4.x q f x x q f x q f x q f x q f x s p t , x , x , x , x , xŽ . Ž . Ž . Ž . Ž . Ž .È Ç Ç È1 2 3 4 5
was discussed.
We present here sufficient conditions, which ensure that all solutions of
Ž .1.1 are uniformly bounded and tend to zero as t “ ‘.
2. STATEMENT OF THE RESULT
The following result is established.
THEOREM. Further to the basic assumptions on a, . . . , e, f , . . . , f , and p,1 5
Žsuppose the following e , e , . . . , e }some sufficiently small positi¤e con-1 5
.stants :
Ž . Ž . Ž . Ž .i A G a t G a G 1, B G b t G b G 1, C G c t G c G 1, Do o o
Ž . Ž . q ŽG d t G d G 1, E G e t G e G 1, for t g R a , . . . , e }some con-o 0 o o
.stants .
Ž .ii a , . . . , a are some constants satisfying1 5
a ) 0, a a y a ) 0, a a y a a y a a y a a ) 0,Ž . Ž .1 1 2 3 1 2 3 3 1 4 5 1
2
d [ a a y a a a a y a y a a y a ) 0, a ) 0;Ž . Ž . Ž .o 4 3 2 5 1 2 3 1 4 5 5
2.1Ž .
a a y a a a a y aŽ . Ž .4 3 2 5 1 2 3 X
D [ y a d t f y y a ) 2ea , 4Ž . Ž .1 1 4 5 2a a y a1 4 5
2.2Ž .
for all y and all t g Rq;
a a y a a a a y a g d t eŽ . Ž .4 3 2 5 1 4 5
D [ y y ) 0, 2.3Ž .2 a a y a a a a y a aŽ .1 4 5 4 1 2 3 1
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for all y and all t g Rq, where
f y ry , y / 0,Ž .4
g [ 2.4Ž .X½ f 0 , y s 0.Ž .4
Ž . Ž .iii e F f z, w y a F e , for all z and w.o 1 1 1
›Ž . Ž . Ž . Ž . Ž .iv f 0, 0 s 0, 0 F f z, w rw y a F e w / 0 , f z, w F 0.2 2 2 2 2› z
Ž . Ž . Ž . Ž .v f 0 s 0, 0 F f z rz y a F e z / 0 .3 3 3 3
Ž . Ž . Ž . Ž . < XŽ . <vi f 0 s 0, f y ry G Ea rd y / 0 , a y f y F e for all y4 4 4 o 4 4 4
and
f y a dŽ .4 5 0Xf y y F y / 0 .Ž . Ž .4 2y Da a a y aŽ .4 1 2 3
Ž . Ž . Ž . Ž . Ž . x Ž .vii f 0 s 0, f x sgn x ) 0 x / 0 , F x ’ H f j dj “ ‘ as5 5 5 0 5
< <x “ ‘ and
0 F a y f X x F e for all x .Ž .5 5 5
Ž . ‘ Ž . XŽ .viii H b t dt - ‘, e t “ 0 as t “ ‘, where0 o
X X X X X Xb t [ b t q c t q d t q e t , b t [ max b t , 0 , 4Ž . Ž . Ž . Ž . Ž . Ž . Ž .o q q q
and cX t [ max cX t , 0 . 4Ž . Ž .q
Ž . < Ž . < Ž . Ž . Ž . 2 2 2ix p t, x, y, z, w, u F p t q p t F x q y q z q w q1 2 5
24s r2 Ž 2 2 2 2 .1r2u q D y q z q w q u , where s , D are constants such that 0 F
s F 1, D G 0, and p , p are non-negati¤e continuous functions satisfying1 2
‘
p t dt - ‘ i s 1, 2 . 2.5Ž . Ž . Ž .H i
0
Ž . Ž .If e , e , . . . , e and D are sufficiently small, then all solutions x t of 1.1 are1 5
uniformly bounded and satisfy
{ Ž4.x t , x t , x t , x t , x t “ 0 as t “ ‘.Ž . Ž . Ž . Ž . Ž .Ç È
Ž .3. THE LYAPUNOV FUNCTION V t, x, y, z, w, uo
Ž .We consider, in place of 1.1 , the equivalent system
x s y , y s z , z s w , w s u ,Ç Ç Ç Ç
u s ya t f z , w u y b t f z , w y c t f z y d t f yŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ç 1 2 3 4
y e t f x q p t , x , y , z , w , u . 3.1Ž . Ž . Ž . Ž .5
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The proof of the theorem depends on some fundamental properties of a
Ž .certain continuously differentiable function V s V t, x, y, z, w, u definedo o
by
2a a a y aŽ .4 1 2 322V s u q 2a uw q uzo 1 a a y a1 4 5
w
q 2d yu q 2b t f z , v dvŽ . Ž .H 2
0
a a a y aŽ .4 1 2 32 2q a y w1½ 5a a y a1 4 5
a a a a y aŽ .1 4 1 2 3q 2 a q y d wz3½ 5a a y a1 4 5
z
q 2a d wy q 2 d t wf y q 2 e t wf x q 2a c t f z dzŽ . Ž . Ž . Ž . Ž . Ž .H1 4 5 1 3
0
a a a a y aŽ .2 4 1 2 3 2q y a y a d z q 2da yz4 1 2½ 5a a y a1 4 5
q 2a d t zf y y 2a yz q 2a e t zf xŽ . Ž . Ž . Ž .1 4 5 1 5
y2a a a y aŽ .4 1 2 3 2q d t f h dh q da y a a yŽ . Ž . Ž .H 4 3 1 5a a y a 01 4 5
x2a a a y aŽ .4 1 2 3q e t yf x q 2d e t f j dj q k , 3.2Ž . Ž . Ž . Ž . Ž .H5 5a a y a 01 4 5
where
d [ a a a y a r a a y a q e , 3.3Ž . Ž . Ž .5 1 2 3 1 4 5
and k is a positive constant to be determined later in the proof.
Now we have
Ž . Ž .LEMMA 1. Subject to the hypotheses i ] vii of the theorem, there are
positi¤e constants D and D such that7 8
D F x q y2 q z 2 q w2 q u2 q kŽ . 47 5
F V F D F x q y2 q z 2 q w2 q u2 q k . 3.4Ž . Ž . 4o 8 5
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Ž .Proof. We observe that 2V in 3.2 can be rearranged aso
2
a a a y aŽ .4 1 2 3
2V s u q a w q z q d yo 1½ 5a a y a1 4 5
a a a y aŽ .4 1 4 5q
a a y a g d tŽ . Ž .1 2 3
a a y a a a y a1 2 3 1 2 3
= e t f x q g d t yŽ . Ž . Ž .5½ a a y a a a y a1 4 5 1 4 5
2
a 11q g d t z q g d t wŽ . Ž . 5a a4 4
2a d a4 o 5 2q z q y q D w q a zŽ .2 12 ž /aa a y aŽ . 41 4 5
4a a y a a4 3 2 5q 2e yz q k q S , 3.5Ž .Ý iž /a a y a1 4 5 is1
where
x a a a y aŽ .4 1 2 3 2 2S [ 2d e t f j dj y e t f x ,Ž . Ž . Ž . Ž .H1 5 5a a y a g d tŽ . Ž .0 1 4 5
ya a a y a d tŽ . Ž .4 1 2 3
S [ 2 f h dh y yf yŽ . Ž .H2 4 4½ 5a a y a 01 4 5
a 2d5 o 2 2q da y a a y y d y ,3 1 5 2½ 5a a a y aŽ .4 1 4 5
we
2 2S [ w q 2b t f z , v dv y a w ,Ž . Ž .H4 2 2a 01
z
2S [ 2a c t f z dz y a a z .Ž . Ž .H4 1 3 1 3
0
But
x x2a a a y a e tŽ . Ž .5 1 2 3
S s 2e e t f j dj q f j djŽ . Ž . Ž .H H1 5 5a a y a0 01 4 5
a a a y aŽ .4 1 2 3 2 2y e t f xŽ . Ž .5a a y a g d tŽ . Ž .1 4 5
x xa a ya e tŽ . Ž .1 2 3 2G2e e t f j djq 2a f j djyf x ,Ž . Ž . Ž . Ž .H H5 5 5 5½ 5a a ya0 01 4 5
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Ž . Ž . Ž .by using 3.3 , i and vi . Since
x x
X2 22a f j dj y f x s 2 a y f j f j dj y f 0 , by vii , 4Ž . Ž . Ž . Ž . Ž . Ž .H H5 5 5 5 5 5 5
0 0
3.6Ž .
x Ž .then S G 2e e H f j dj . Now note that1 o 0 5
y y
Xyf y ’ f h dh q h f h dh ,Ž . Ž . Ž .H H4 4 4
0 0
therefore
ya a a y a d tŽ . Ž .4 1 2 3
S s 2 f h dh y yf yŽ . Ž .H2 4 4½ 5a a y a 01 4 5
a d 2a a a y aŽ .5 o 5 1 2 3 2q y e e q y a y3½ 5a a a y a a a y aŽ .4 1 4 5 1 4 5
y 2a d a a a y a d t f hŽ . Ž . Ž .5 o 4 1 2 3 4Xs y f h yŽ .H 4½ 5a a a y a a a y a hŽ .0 4 1 4 5 1 4 5
2a a a y aŽ .5 1 2 3y2e e q y a h dh3½ 5a a y a1 4 5
y a d 2a a a y aŽ .5 o 5 1 2 3G y 2e e q y a h dh ,H 3½ 5a a a y a a a y aŽ .0 4 1 4 5 1 4 5
by vi and iŽ . Ž .
a d5 o 2G y ,
4a a a y aŽ .4 1 4 5
provided that
a d 2a a a y aŽ .5 o 5 1 2 3G e e q y a , 3.7Ž .3½ 54a a a y a a a y aŽ .4 1 4 5 1 4 5
Ž . Ž . Ž .which we now assume. From i , iv , and v we find
we
2 2S s w q 2b t f z , v dv y a wŽ . Ž .H3 2 2a 01
we f z , v eŽ .22 2G w q 2 y a v dv G w ,H 2½ 5a v a01 1
z z f zŽ .32S s 2a c t f z dz y a a z G 2a y a z dz G 0.Ž . Ž .H H4 1 3 1 3 1 3½ 5z0 0
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Ž .On gathering all of these estimates into 3.5 we deduce
2
a a a y aŽ .4 1 2 3
2V G u q a w q z q d yo 1½ 5a a y a1 4 5
2a d a4 o 5q z q y2 ž /aa a y aŽ . 41 4 5
x2q D w q a z q 2e e f j djŽ . Ž .H2 1 o 5
0
a d e5 o 2 2q y q w
4a a a y a aŽ .4 1 4 5 1
a a y a a4 3 2 5q 2e yz q k ,ž /a a y a1 4 5
Ž . Ž .by ii and vi . It is clear that there exist sufficiently small positive
constants D , . . . , D such that1 5
2V G D F x q 2 D y2 q 2 D z 2 q D w2 q D u2Ž .o 1 5 2 3 4 5
a a y a a4 3 2 5q 2e yz q k .ž /a a y a1 4 5
Let
a a y a a4 3 2 52 2S [ D y q 2e yz q D z .5 2 3ž /a a y a1 4 5
1 2 2< < Ž .By using the inequality yz F y q z , we obtain2
a a y a a4 3 2 52 2 2 2 2 2S G D y q D z y e y q z G D y q z ,Ž . Ž .5 2 3 6ž /a a y a1 4 5
1  4for some D ) 0, D s min D , D , if6 6 2 32
 4e F a a y a r 2 a a y a a min D , D , 3.8Ž . Ž . Ž .Ž .1 4 5 4 3 2 5 2 3
which we also assume. Then
2V G D F x q D q D y2 q D q D z 2 q D w2 q D u2 q k .Ž . Ž . Ž .o 1 5 2 6 3 6 4 5
Consequently there exists a positive constant D such that7
V G D F x q y2 q z 2 q w2 q u2 q k ,Ž . 4o 7 5
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Ž . Ž . Ž . Ž . Ž . Ž .provided e is so small that 3.7 and 3.8 hold. From i , iv , v , vi , and
Ž .3.6 we can verify that there exists a positive constant D satisfying8
V F D F x q y2 q z 2 q w2 q u2 q k .Ž . 4o 8 5
Ž .Thus 3.4 follows.
LEMMA 2. Assume that all conditions of the theorem hold. Then there
Ž .exist positi¤e constants D i s 11, 12, 13 such thati
Ç 2 2 2 2V F yD y q z q w q uŽ .0 13
1r22 2 2 2q 2 D y q z q w q u p t q p t 4Ž . Ž .Ž .12 1 2
q 2 D p t F x q y2 q z 2 q w2 q u2 q D b V . 3.9Ž . Ž . Ž . 412 2 5 11 o o
Ž . Ž . Ž .Proof. From 3.2 and 3.1 it follows that for y, z, w / 0 ,
d
2V s y u a t f z , w y a 4Ž . Ž .o 1 1dt
b t f z , w a a a a y aŽ . Ž . Ž .2 1 4 1 2 32yw a y a q d1 3½ 5w a a y a1 4 5
a a a y a c t f zŽ . Ž . Ž .4 1 2 3 3 X2yz y da q a d t f y y a 4Ž . Ž .2 1 4 5a a y a z1 4 5
f y a a a y aŽ . Ž .4 4 1 2 3 X2yy d d t y e t f xŽ . Ž . Ž .5½ 5y a a y a1 4 5
w ›
qwb t f z , v dv y a wua t f z , w y a 4Ž . Ž . Ž . Ž .H 2 1 1 1› z0
f zŽ .3yuzc t y aŽ . 3½ 5z
a a a y aŽ .4 1 2 3y uza t f z , w y a 4Ž . Ž .1 1a a y a1 4 5
a a a y a f z , wŽ . Ž .4 1 2 3 2y wzb t y aŽ . 2½ 5a a y a w1 4 5
ywzd t a y f X y y d yua t f z , w y a 4  4Ž . Ž . Ž . Ž .4 4 1 1
f z , wŽ .2Xyywe t a y f x y d ywb t y a 4Ž . Ž . Ž .5 5 2½ 5w
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f zŽ .3Xya yze t a y f x y d yzc t y a 4Ž . Ž . Ž .1 5 5 3½ 5z
a a a a y aŽ .1 4 1 2 32q a uw q uz q a d yu 1 y a t 4Ž .1 1½ 5a a y a1 4 5
a a a a y aŽ .2 4 1 2 3q wz q da yw 1 y b t 4Ž .2½ 5a a y a1 4 5
q a uz q da yz 1 y c t 4Ž . Ž .3 3
ya wz 1 y d t y a yw q a a yz 1 y e t 4  4Ž . Ž . Ž .4 5 1 5
a a a y aŽ .4 1 2 3q u q a w q z q d y p t , x , y , z , w , uŽ .1½ 5a a y a1 4 5
› Voq . 3.10Ž .
› t
Ž . Ž . Ž . Ž . Ž . Ž .Since, from i and iii , a t f z, w y a G f z, w y a G e . From i ,1 1 1 1 o
Ž . Ž . Ž .iv , and 3.3 we have for w / 0 ,
b t f z , w a a a a y aŽ . Ž . Ž .2 1 4 1 2 3
a y a q y d1 3½ 5w a a y a1 4 5
f z , w a a a a y aŽ . Ž .2 1 4 1 2 3G a y a q a a y a q d y1 2 1 2 3½ 5 ½ 5w a a y a1 4 5
G e .
Ž . Ž . Ž . Ž . Ž .By using i , v , 3.3 , and 2.2 we obtain for z / 0
a a a y a c t f zŽ . Ž . Ž .4 1 2 3 3 Xy da q a d t f y y a 4Ž . Ž .2 1 4 5a a y a z1 4 5
a a y a a a a y aŽ . Ž .4 3 2 5 1 2 3 XG y a d t f y y a y ea 4Ž . Ž .1 4 5 2a a y a1 4 5
G ea .2
Ž . Ž . Ž . Ž .From i , vi , and vii we find for y / 0 ,
f y a a a y aŽ . Ž .4 4 1 2 3 Xd d t y e t f xŽ . Ž . Ž .5y a a y a1 4 5
a E a a y aŽ .4 1 2 3 XG ea E q a y f x G ea E. 4Ž .4 5 5 4a a y a1 4 5
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2 2 2 2 Ž .Therefore, the first four terms involving u , w , z , and y in 3.10 are
majorizable by
y e u2 q e w2 q ea z 2 q ea Ey2 .Ž .o 2 4
Ž . Ž .Let R t, x, y, z, w, u denote the sum of the remaining terms in 3.10 . By
Ž . Ž . Ž .using hypotheses i , iii ] vii , and the inequalities
1 1 12 2 2 2 2 2< < < < < <uw F u q w , uz F u q z , uy F u q y ,Ž . Ž . Ž .2 2 2
1 1 12 2 2 2 2 2< < < < < <wz F w q z , wy F w q y , yz F y q z ;Ž . Ž . Ž .2 2 2
it follows that
2 2 2 2R t , x , y , z , w , u F D e q e q e q e q e y q z q w q uŽ . Ž . Ž .9 1 2 3 4 5
a a a y aŽ .4 1 2 3q u q a w q z q d y1½ 5a a y a1 4 5
› Vo
=p t , x , y , z , w , u q ,Ž .
› t
Ž .for some D ) 0. Thus, after substituting in 3.10 , one obtains9
Ç 2 2 2 2V F y e u q e w q ea z q ea EyŽ .o o 2 4
q D e q e q e q e q e y2 q z 2 q w2 q u2Ž . Ž .9 1 2 3 4 5
a a a y a › VŽ .4 1 2 3 oq u q a w q z q d y p t , x , y , z , w , u qŽ .1ž /a a y a › t1 4 5
1
2 2 2 2 4F y min e , e , ea , ea E y q z q w q uŽ .o 2 42
a a a y a › VŽ .4 1 2 3 oq u q a w q z q d y p t , x , y , z , w , u q ,Ž .1ž /a a y a › t1 4 5
3.11Ž .
provided that
1
 4D e q e q e q e q e F min e , e , ea , ea E . 3.12Ž . Ž .9 1 2 3 4 5 o 2 42
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Ž .Now we assume that D and e , . . . , e are so small that 3.12 holds. The9 1 5
Ž .case y, z, w s 0 is trivially dealt with. From 3.2 we find
w z› Vo X Xs b t f z , v dv q a c t f z dzŽ . Ž . Ž . Ž .H H2 1 3› t 0 0
ya a a y aŽ .4 1 2 3Xq d t wf y q a zf y q f h dhŽ . Ž . Ž . Ž .H4 1 4 4½ 5a a y a 01 4 5
a a a y aŽ .4 1 2 3Xq e t wf x q a zf x q yf xŽ . Ž . Ž . Ž .5 1 5 5½ a a y a1 4 5
x
q2d f j dj .Ž .H 5 50
Ž . Ž . Ž . Ž . Ž .From iv , v , vi , 3.6 , and the use of 3.4 we can find a positive constant
D which satisfies10
› Vo X X X X 2 2 2F D b t q c t q d t q e t F x q y q z q w 4Ž . Ž . Ž . Ž . Ž . 410 q q 5› t
F D b V , 3.13Ž .11 o o
where D s D rD . Let11 10 7
a a a y aŽ .4 1 2 3
D s max 1, a , , d and12 1½ 5a a y a1 4 5
1
 4D s min e , e , ea , ea E ,13 o 2 44
Ž . Ž . Ž .then from 2.11 , 2.13 and the use of ix we obtain the estimate
Ç 2 2 2 2V F y2 D y q z q w q uŽ .o 13
1r22 2 2 2q 2 D y q z q w q u p t , x , y , z , w q u q D b VŽ .Ž .12 11 o o
1r22 2 2 2 2 2 2 2F y2 D y q z q w q u q 2 D y q z q w q uŽ . Ž .13 12
sr22 2 2 2= p t q p t F x q y q z q w q uŽ . Ž . Ž . 41 2 5
1r22 2 2 2qD y q z q w q u q D b V .Ž . 11 o o
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Let D be fixed, in what follows, to satisfy D s D r2 D . With this13 12
limitation on D we find
Ç 2 2 2 2V F yD y q z q w q u q D b VŽ .o 13 11 o o
1r22 2 2 2q 2 D y q z q w q uŽ .12
sr22 2 2 2= p t q p t F x q y q z q w q u . 3.14Ž . Ž . Ž . Ž . 41 2 5
Note that
sr2 1r22 2 2 2 2 2 2 2F x q y q z q w q u F 1 q F x q y q z q w q u .Ž . Ž . 4  45 5
Thus
Ç 2 2 2 2V F yD y q z q w q uŽ .0 13
1r22 2 2 2q 2 D y q z q w q u p t q p t 4Ž . Ž .Ž .12 1 2
q 2 D p t F x q y2 q z 2 q w2 q u2 q D b V .Ž . Ž . 412 2 5 11 o o
Ž .Now 3.9 is verified and the lemma is proved.
4. COMPLETION OF THE PROOF OF THE THEOREM
Ž .Define the function V t, x, y, z, w, u as follows
V t , x , y , z , w , u s eyH t0 b Žt . dt V t , x , y , z , w , u , 4.1Ž . Ž . Ž .o
where
4D12
b t [ D b q p t q p t . 4Ž . Ž . Ž .11 o 1 2D7
Then one can verify that there exist two functions f and f satisfying1 2
5 5 5 5f x F V t , x , y , z , w , u F f x , 4.2Ž . Ž . Ž . Ž .1 2
5 qfor all x g R and t g R ; where f is a continuous increasing positive1
Ž .definite function, f r “ ‘ as r “ ‘ and f is a continuous increasing1 2
function.
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Ž . Ž .Along any solution x, y, z, w, u of 3.1 we have
Ç yH t0 b Žt . dt ÇV s e V q b t VŽ . 4o o
tyH b Žt . dt 2 2 2 20F e yD y q z q w q uŽ .13
1r22 2 2 2q2 D y q z q w q u p t q p t 4Ž . Ž .Ž .12 1 2
2 2 2 2y2 D p t q p t F x q y q z q w q u q 2k 4Ž . Ž . Ž . 412 1 2 5
tyH b Žt . dt 2 2 2 20F e yD y q z q w q u y 2 D p t q p t 4Ž . Ž .Ž .13 12 1 2
2
1 12 2 2 2'= y q z q w q u y y q 2k .ž /½ 52 4
1Setting k G , we can find a positive constant D such that148
Ç 2 2 2 2V F yD y q z q w q u . 4.3Ž .Ž .14
Ž . Ž .From the inequalities 4.2 and 4.3 , we obtain the uniform boundedness
Ž . Ž . w xof all solutions x, y, z, w, u of 3.1 5, Theorem 10.2 .
AUXILIARY LEMMA. Consider the system of differential equations
nÇx s F t , x q G t , x , x g R , 4.4Ž . Ž . Ž .
q Žwhere F and G are continuous ¤ector functions on R = Q Q is an open set
n.in R . Assume that
G t , x F G t , x q G x ,Ž . Ž . Ž .1 2
qŽ .where G t, x is non-negati¤e continuous scalar function on R = Q and1
t Ž .H G t , x dt is bounded for all t whene¤er x belongs to any compact subset of0 1
Ž .Q and G x is a non-negati¤e continuous scalar function. The following2
lemma is a simple extension of the well-known result obtained by Yoshizawa
w x5, Theorem 14.2 .
LEMMA 3. Suppose that there exists a non-negati¤e continuously differen-
q Ç Ž . Ž5 5.tiable scalar function V on R = Q such that V t, x F yU x , whereŽ4, 4.
Ž5 5.U x is positi¤e definite with respect to a closed set V of Q. Moreo¤er,
Ž . Ž .suppose that F t, x of System 4.4 is bounded for all t when x belongs to an
arbitrary compact set in Q and that F satisfies the following two conditions
with respect to V
Ž . Ž . Ž .1 F t, x tends to a function H x for x g V as t “ ‘, and on any
compact set in V this con¤ergence is uniform.
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Ž .2 corresponding to each e ) 0 and any y g V, there exist a d , d s
Ž . Ž . 5 5d e , y and a T , T s T e , y such that if t G T and x y y - d , we ha¤e
5 Ž . Ž .5F t, x y F t, y - e .
And suppose that
Ž . Ž .3 G x is positi¤e definite with respect to a closed set V of Q.2
Ž .Then e¤ery bounded solution of 4.4 approaches the largest semi-in¤ariant
Ç Ž .set of the system x s H x contained in V as t “ ‘.
w xProof. See 4 .
Ž .From the system 3.1 we set
y
z
wF t , x s ,Ž .
y
ya t f z , w uyb t f z , w yc t f z yd t f y ye t f xŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 3 4 5
0
0
0G t , x s .Ž .
0
p t , x , y , z , w , uŽ .
Then
sr22 2 2 2G t , x F p t q p t F x q y q z q w q uŽ . Ž . Ž . Ž . 41 2 5
1r22 2 2 2q D y q z q w q u . 4.5Ž .Ž .
Let
sr22 2 2 2G t , x s p t q p t F x q y q z q w q u andŽ . Ž . Ž . Ž . 41 1 2 5
1r22 2 2 2G x s D y q z q w q u .Ž . Ž .2
Ž5 5.It is clear that F and G satisfy the conditions of Lemma 3. Let f x s1
Ž 2 2 2 2 .D y q z q w q u , then14
Ç 5 5V t , x , y , z , w , u F yf x , 4.6Ž . Ž . Ž .
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Ž5 5.and f x is positive definite with respect to the closed set V [
Ž . < 4x, y, z, w, u x g R , y s 0, z s 0, w s 0, u s 0 . It follows that in V
0
0
0F t , x s . 4.7Ž . Ž .
0
ye t f xŽ . Ž .5
Ž .According to condition viii of the theorem and the boundedness of e, we
Ž .have e t “ e as t “ ‘, where 1 F e F e F E. If we set‘ o ‘
0
0
0H x s , 4.8Ž . Ž .
0
ye f xŽ .‘ 5
Ž . Ž .then the conditions on H x of Lemma 3 are satisfied. Moreover G x is2
positive definite with respect to the closed set V.
Ž .Since all solutions of 3.1 are bounded, it follows from Lemma 3 that
Ž .every solution of 3.1 approaches the largest semi-invariant set of the
Ç ÇŽ . Ž . Ž .system x s H x contained in V as t “ ‘. From 4.8 ; x s H x is the
system
x s 0, y s 0, z s 0, w s 0 and u s ye f x ,Ž .Ç Ç Ç Ç Ç ‘ 5
which has the solutions
x s k , y s k , z s k , w s k , and1 2 3 4
u s k y e f k t y t .Ž . Ž .5 ‘ 5 1 o
In order to remain in V, the above solutions must satisfy
k s 0, k s 0, k s 0 and k y e f k t y t s 0Ž . Ž .2 3 4 5 ‘ 5 1 o
for all t G t ,o
Ž .which implies k s 0, f k s 0, and thus k s k s 0.5 5 1 1 5
Ç Ž .Therefore the only solution of x s H x remaining in V is x s 0, that
Ç Ž .is, the largest semi-invariant set of x s H x contained in V is the point
Ž .0, 0, 0, 0, 0 . Consequently we obtain
{ Ž4.x t , x t , x t , x t , x t “ 0 as t “ ‘.Ž . Ž . Ž . Ž . Ž .Ç È
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